Optical properties and sensing capabilities of fused silica microbubbles were studied numerically using a finite element method. Mode characteristics, such as quality factor (Q) and effective refractive index, were determined for different bubble diameters and shell thicknesses. For sensing applications with whispering gallery modes (WGMs), thinner shells yield improved sensitivity. However, the Q-factor decreases with reduced thickness and this limits the final resolution. Three types of sensing applications with microbubbles, based on their optimized geometrical parameters, were studied. Herein the so-called quasi-droplet regime is defined and discussed. It is shown that best resolution can be achieved when microbubbles act as quasi-droplets, even for water-filled cavities at the telecommunications C-band.
confine light internally by a process of continuous total internal reflection. Light circulates around the boundary and forms whispering gallery modes. Wavelengths of WGMs are highly dependent on the geometrical size and refractive index of the resonator. Resonant frequencies of WGMs are also very sensitive to external influences and this leads to ultrahigh sensitivity in sensing applications. By now, sensing has been accomplished using various WGRs, such as microspheres 8 and microtoroids 1, 9 . A large diversity of physical quantities can be sensed, e.g. biochemical changes 8, 10 , gas 11 , temperature [12] [13] [14] , pressure 15 , and force 16 . Due to the high Q and small mode volume of WGRs, even single molecule detection has been achieved 9, 10 .
For the sake of general discussion, let us consider refractive index sensing as an example. The sensitivity of a resonator relies on the portion of electromagnetic (EM) field distributed outside it, or in another words, the tunneling depth of the evanescent field. To extend the evanescent field, several methods have been developed, such as PDMS-coated microspheresformed by fused silica and surrounded by air with core materials that can be varied. A working wavelength of 1.55 µm was chosen, as it is commonly used in WGM experiments. FEM simulations of a 3D structure consume a lot of computational resources even for micron-scale objects.
The microbubble is rotationally and axially symmetric, so by utilizing a newly developed FEM 23 , the 3D problem is reduced to 2D and is solvable in seconds with smaller computational memory requirement. The method in 23 is based on the weak form of the Helmholtz equation 24 , given by:
where ǫ is the effective permittivity and α is the penalty factor first introduced in 23 .
In spherical coordinates (r, θ, φ), WGMs propagate azimuthally to the rotational symmetric axis, as illustrated in Fig. 1 
(b). This gives rise to a field phase varying term, exp(imφ).
Here, m is the azimuthal mode order of the WGM. In the simulation, m is varied and eigenfrequencies of corresponding fundamental modes are determined for different EM field distributions along the radial direction ( Fig. 1(c) -(e)). The effective index of the mode is estimated by N ef f = mλ/2πR, where R is the outer radius of the microbubble.
For WGRs, the Q-factor is a very important parameter. The total intrinsic loss of a WGR originates from radiation loss (tunneling loss), material loss, surface roughness, and contamination.
Here, only radiation and material losses are considered. The surface roughness is very small due to the fabrication method used. In experiments, a high Q absorption limit for microbubbles has been reported 25 . Radiation loss is caused by leakage from evanescent light into a free space mode.
The upper and lower bounds of the Q-factor can be estimated with a closed resonator model. In this work, a more precise method was used, in which a perfectly matched layer (PML) along the boundary of the computation domain is introduced, see Fig. 1 (c) -(e). A properly set PML can be treated as an anisotropic absorber, simulating radiation tunneling to infinity within a limited domain calculation space. An accurate determination of the Q-factor in a microsphere has been reported recently using this modified method 24 . In order to match the model with a realistic situation, material absorption is introduced as an additional imaginary part to the resonator permittivity. For fused silica and a 1.55 µm wavelength, the imaginary part is estimated to be ǫ i = −3.56 × 10 −10 , which is calculated from the absorption coefficient. As will be demonstrated in the following, the radiation loss is dominant when the diameter of the microbubble is less than ∼ 30µm. The Q-factor exponentially increases with diameter such that it is saturated when R >30 µm, and is then only limited by the material absorption loss.
When solving the eigen-equations using FEM software, such as COMSOL c , with complex material permittivity and PMLs, the eigenfrequencies (f r ) are complex, with the real parts representing resonant frequencies and the imaginary parts representing total intrinsic losses. Therefore, the Qfactor is defined as Q = Re(f r )/2Im(f r ). For the material absorption term, the upper bound is limited to around 10 9 , which will be shown in the following simulation results. For investigating WGM properties, air (ǫ = 1) is initially chosen as the core material in this section.
Microbubbles with different diameters (10-60 µm) and wall thicknesses (500 nm to 3 µm) were simulated( Fig. 2) . Similar to solid microspheres, Q-factors increase with diameter. Exponential curves for diameters below 30 µm indicate that radiation losses dominate. When microbubbles are larger, radiation losses diminish and become negligible compared to material losses. As expected, Q-factors for large diameters do not exceed absorption Q-factors of solid microspheres (10 10 ).
Two microbubbles with different shell thicknesses were compared. It is clear that when the shell is thinner, the mode tunnels more into the core, increasing the radiation loss and reducing the Qfactor. Therefore, to design high Q-factor microbubbles, larger diameters and thicker shells are required. In the following calculations, 50 µm has been selected as a reasonable microbubble size, since it can be easily fabricated and shell thickness can be controlled in fabrication 13 .
Before discussing the shell thickness relationship, it is necessary to note that in addition to fundamental modes, other modes also exist in microbubbles (c.f. Fig.1(d) and (e)). These can be denoted as higher radial modes (q = 2, 3, . . .) or higher azimuthal modes (l = m ± 1, m ± 2, . . .).
For the first radial, fundamental TE mode, when the thickness is less than 1 µm, the Q-factor drops extremely sharply (Fig. 3) . The TM mode has a lower Q-factor and it drops when the shell thickness is less than 1.3 µm. At a wall thickness of ∼ 600 nm, the Q of the TM mode drops to a very low value, implying that the microbubble can only hold the TE mode. For shell thickness less than 500 nm , even the TE mode has a very low Q-factor and microbubbles cannot hold any high Q WGMs. It is worth noting that, when the thickness is larger than the working wavelength (1.55 µm in this paper), microbubbles can even hold second order radial modes (q = 2). Radial mode distribution is dependent on the medium along the radial direction. If the shell becomes even thicker, microbubbles should be able to hold even higher radial modes until they become the same as solid microspheres. In other words, single radial mode operation is only possible for microbubbles with subwavelength shells.
For real sensing applications, light has to be coupled in and out of the WGR for detection. Many coupling methods have been developed and, among them, tapered fibers exhibit high efficiency as evanescent probes that are widely used for WGRs 26 . In order to effectively couple light, the cavity mode must be sufficiently spatially overlapped with the mode from the tapered fiber and a phase matching condition must be met, i.e. the effective index of the WGM must equal that of the tapered fiber mode. To verify efficient coupling in the microbubble tapered fiber system, the effective index of a 50 µm microbubble fundamental TE mode was calculated (Fig. 4) . For comparison, the index for different tapered fiber diameters is also shown. Note that this index is calculated when the fiber is in contact with the microbubble. To tune the effective index, one can control the taper/microbubble gap or change the taper diameter.
From Fig. 4 it is clear that for thinner microbubbles, the effective index decreases, which is also due to more EM field distributed in the core. For a 50 µm microbubble, the effective index of the TE mode varies from 1.20 to 1.35. Phase matching can be realized if the taper diameter is controlled between 1.4 µm and 1.8 µm. The second order mode has an even lower effective index, ranging from 1.05 to 1.28, so a thinner taper is required to efficiently couple with this mode. In the following discussion, we assume that only the first order fundamental TE mode is of concern, since it has a larger Q-factor than the higher order modes. Efficient coupling to such modes is realized and controlled by selecting the size of tapered fiber.
Quasi droplet regime of microbubbles
The foregoing discussion has been centered on WGM properties of empty (air-filled) microbubbles; however, it is of more significance to investigate the microbubbles filled with liquid. Since the refractive index of liquid is higher than air and a spherical boundary can be shaped if the liquid forms a droplet, WGMs can be found in such a droplet. Such droplet WGRs have been studied for lasing 27 and nonlinear effects 28 . Indeed, droplet-like WGMs can also be found in microbubbles.
If the shell of a microbubble is very thick, most of the EM field of the mode will propagate within the shell, so the microbubble behaves like a solid microsphere. As it gets thinner, mode gets extended more into the core. For an extreme situation, t → 0, the mode is almost entirely propagating in the liquid core, where a droplet like condition is satisfied, given that the inner boundary is spherical. Between these two situations, there exists a region where the shell starts to lose the ability to confine WGMs. This region has been dubbed the quasi-droplet regime 29 . It is worth noting that higher radial modes occupy more space than first order modes; therefore, they cannot exist in air-filled microbubbles with very thin shells. However, the core of a liquid-filled bubble provides the space required for higher order modes to propagate, so higher modes can be supported in thin-walled, liquid-filled bubbles. For example, in Lee et al. 29 , the quasi-droplet regime mentioned is only for the q = 2 mode. Therefore, it is very important to clarify the definition of the quasi-droplet regime for different modes. In the following discussion, the quasi-droplet regime is defined in terms of the effective index.
To numerically simulate this regime, the permittivity of the inner core material was replaced with a liquid (for example, water with ǫ real = 1.33 2 = 1.7698) and substituted into the FEM equation (Eq. 1). The absorption of the liquid can be omitted in the model for calculating mode eigenfrequency and field distribution, since it only changes the imaginary part of the eigenfrequency simulated by FEM software. This will be discussed in the next section. The radial EM field distri-bution for q = 1 was determined by extracting the intensity value along the radial direction (c. f.
Fig. 5(a)-(d))
. It is distributed along the radius, with part inside the core area, part in the shell and an evanescent tail tunneling to the outer environment.
The estimated percentage of the WGM's EM field in the core was found by integrating the EM field intensity in the core and shell separately. The percentage of energy in the core for the first three radial modes for a shell thickness varying from 300 nm to 3 µm is calculated for fixed diameter microbubbles, see Fig. 5 (e). It can be seen that, when the shell thickness is 500 nm or less, up to 85% of the q = 1 WGM propagates in the core, while if the shell thickness is more than half of the working wavelength (1.55 µm), more than 80% of the light travels in the shell.
To describe the quasi-droplet regime more precisely, we resorted to a quantified definition for the fundamental TE mode. The idea is based on the well-known interpretation of the radial mode number. For a liquid microsphere, i.e. a droplet, the radial field distribution has a maximum inside the droplet close to the boundary. Analogous to a droplet, when the peak is inside the core of a microbubble, the core is equivalent to the droplet while the shell is the new boundary. This can be used as a criterion for the quasi-droplet regime. It can be physically interpreted that light is traveling in the water and the field distributed in the shell is the evanescent component tunneling into the shell. According to this definition, for a shell thickness of less than 300 nm, the microbubble is driven into the quasi-droplet regime for its fundamental TE mode. However, such defined thickness does not apply for the q = 2 and q = 3 modes, as those modes have multiple peaks along the radial direction so they are more complicated than the q = 1 case. Where the percentage of the EM field for the q = 2 and q = 3 modes are plotted, even when the shell is as thick as 1 µm and 1.5 µm, respectively, the proportion of the EM field in the core does not drop to less than 80%
To have a general definition that applies to different radial modes, the effective indices for the q = 1, 2, and 3 modes in microbubbles were calculated. For comparison, the effective index of a droplet of the same diameter was simulated and is shown together with those for a solid silica microsphere (Fig. 6 ). The effective index for a microbubble in the quasi-droplet regime, as defined above, is only slightly higher than for the droplet modes, proving that, in this case, the shell is negligible and the microbubble acts like a droplet. For thicker shells >2.5 µm, the effective indices of all bubble modes are the same as the corresponding modes in a solid silica microsphere of the same size. The q = 1 mode does not reach the droplet index unless the shell thickness is less than 500 nm. On the other hand, higher order modes, especially the q = 2 modes, exhibit a much wider range of effective indices corresponding to those of the droplet. The effective index of the q = 2 mode changes abruptly to more closely resemble a solid microsphere when the shell is thicker than 1.5 µm. Accordingly, a new definition for the quasi-droplet regime could be the range of shell thicknesses until the point where the effective index starts to rapidly approach that of a silica microsphere.
So far the quasi-droplet has been described in two ways and we have shown that, for a very thin shell, a microbubble filled with liquid behaves very similarly to a droplet WGR. This may be very interesting in applications such as sensing or nonlinearity. The quasi-droplet resonator has advantages since its shape is protected by the shell. Changes to resonator shape through surface evaporation can thereby be avoided, and coupling to external waveguides is easier instead of low efficiency, free space excitation 27 .
Optimizing microbubble geometry for high resolution sensing applications
Sensing applications for WGRs are mostly based on the following principle: changes in the environment cause a shift in the resonant frequency of the whispering gallery modes. This is detected by scanning and recording the transmission spectrum of the WGR. Sensitivity, S, is defined as the shift rate of WGMs. However, if the line width of the resonance dip is broad, the shift cannot be resolved, thereby limiting the resolution of WGR-based sensors. Unfortunately, improving sensitivity is nearly always in conflict with achieving higher Q-factors. In order to overcome this limitation, it is important to have a method of determining optimal parameters for WGR sensors.
In general, the resolution, ℜ, is defined as the following:
where U is the physical quantity (e. g. temperature or pressure) that causes the frequency shift, and λ is the working wavelength. ∂λ(U)/∂U is the frequency shift caused by the change of the physical quantity, i.e. the sensitivity. In practice, there are two ways to induce the frequency shift and both will be addressed in the following subsections.
Pressure sensing
The resonant frequency of a microbubble WGR can be tuned by manipulating the compression or tension of the device 30 . Alternatively, a mode frequency shift of hundreds of GHz can be generated in a single-pass microbubble by gas pressure 31 . Two different mechanisms are dominant. The first is size expansion by applying aerostatic pressure from inside the bubble.
The second is a possible refractive index change due to strain and stress on the resonator material.
For a given material the elasto-optic coefficient (C) and shear modulus (G) are constants, so the pressure sensitivity is given by 15 (neglecting external pressure):
where n 0 is the refractive index. From Eq. 3, the sensitivity of pressure sensing is proportional to the geometrical parameters R and t and a relative sensitivity, S r , is defined by:
For simplicity, in the following content, S r is used for sensitivity, and relative sensitivity is not distinguished from absolute sensitivity. Using Eq. 2 and Eq. 4, ℜ can be calculated. Note that since it is deduced from relative sensitivity, it is a relative resolution. Again, for simplicity, ℜ represents relative resolution in the following sections. It was plotted as a function of shell thickness, incorporating the Q-factor plotted in Fig. 3 and this is shown in Fig. 7 . It can be seen that the best resolution is obtained with a shell thickness of about 1.4 µm. The resolution worsens when the shell thickness is less than 1 µm. This is due to the exponentially decreasing value of Q with decreasing shell thickness. When the shell is thicker than 1.5 µm, the resolution also worsens, as the sensitivity to pressure diminishes with increasing shell thickness. The Q-factor reaches the material limit when the shell thickness is more than 1.4 µm. Sensitivity changes as the inverse cube of the shell thickness, which causes less severe deterioration of the resolution.
Refractive index sensing Observation of frequency shifting induced by subtle refractive index variations is the most common sensing mechanism for WGRs [8] [9] [10] , especially for LCORRs 13, 20, [31] [32] [33] [34] , where different materials can be injected into the interior core volume. A change in the core material due to changes in concentration, temperature, or pressure, causes a small change in the effective index of the mode. This is sufficient to generate a WGM frequency shift. Intuitively, for higher sensitivity, the light in the microbubble should be distributed in the inner core as much as possible.
It can be qualitatively described by the following equation:
κ c and κ s are the proportion of EM field in the core and shell respectively while n c and n s are their refractive indices. For simplicity, we assume that the physical quantity only changes the core material index, so that the sensitivity is proportional to κ c only. This means that the sensitivity follows the same trend for thickness as shown in Fig. 5 . To achieve high sensitivity, e. g. for the fundamental mode, it is better to have a very thin shell (<300 nm) where more than 80% of the light is in the core; in other words, the bubble is in the quasi-droplet regime. However, in general, the core material has higher absorption (e. g. water) than the silica shell, thus limiting the Q-factor.
Similar to Section 4, an optimum resolution of the microbubble sensor exists, and it depends on the shell thickness. A precise value of sensitivity is obtained by FEM simulations. In order to implement numerical optimization that can deal with all kinds of index sensing, a detailed indexquantity relationship is not introduced. S r , is defined by the ratio of frequency shift to refractive index change by ∂λ/∂n. By introducing a small index change to the core material (0.001) in the COMSOL model, the frequency shift is calculated and plotted (Fig. 8) . To determine the Q-factor, it is assumed that the core is water with a high absorption at 1.55 µm (ǫ i = −3.577 × 10 −6 estimated from the water absorption coefficient α at 1.55 µm).
As discussed for Eq. 5, the simulation shows the same result as in Fig. 8(a) , that S r increases with decreasing shell thickness. When the thickness is larger than 2.5 µm, most of the light is distributed in the shell, yielding a zero frequency shift. For different microbubble sizes, the sensitivity is slightly different. The Q-factors of the corresponding microbubbles are also calculated and presented in Fig. 8(b) . It should be mentioned that for a 20 µm diameter microbubble, the Qfactor is lower than for larger sizes. This is due to higher water absorption plus high radiation loss since light is not so well confined in the shell for such a small bubble. Therefore, in the following discussion, only diameters larger than 20 µm are considered. Using the results from Fig. 8 (a) and (b), optimized shell thicknesses and microbubble sizes for best resolution can be obtained. The optimized thickness is about 1 µm for microbubbles with diameters between 30-50 µm. Around this thickness, the resolution does not vary too much with bubble size, which is also due to exponential dependencies of Q and sensitivity to shell thickness. The optimized microbubble for the fundamental first order mode is not within the quasi-droplet regime, due to a poor wavelength selection (1.55 µm). As has been discussed, the higher order modes are in the quasi-droplet regime over a larger range than the q = 1 mode, so for thicknesses less than 2.5 µm the sensitivity will not drop too much. Using the same method, ℜ is calculated for the q = 2 mode in a 50 µm diameter microbubble and plotted together with the q = 1 mode in Fig. 8(d) . From this plot one can see that the resolution remains unchanged for thicknesses ranging from 500 nm to 3 µm. Therefore, in a practical sensing application, the second order mode is recommended since it decreases the diffi-culty of controlling the shell thickness when fabricating the device. The resolution can be further improved by using an alternative core material or a light source at a different wavelength where absorption loss is lower.
So far it has been shown that high resolution refractive index sensing can be obtained by using a microbubble operating close to the quasi-droplet regime. It is assumed that index changes occur only in the core region. In some other situations, such as thermal sensing 31 , changes in both shell and core refractive index must be considered. The thermo-optical coefficient of silica is positive, which leads to a red shift of the modes if the temperature rises. The core is often filled with a negative thermo-optical liquid, such as water, ethanol, or acetone. The net thermal shifting of a bubble is determined by the proportion of intensity in the shell and core, as in Eq. 5. This can be tuned by selecting the shell thickness. Recent experimental results have proven that a thermally induced red shift of silica can be compensated for 31 and it is even possible to obtain a large inverse blue shift 13 .
Nanoparticle sensing As an extension of the optimization method discussed in this paper, let us now consider nanoparticle sensing in microbubbles as a final example. Nanoparticle detection and bimolecular sensing have been realized in other WGRs 9, 10, 35 and have also been generally discussed in LCORRs 36 . Usually, the particles, the WGR, and the evanescent coupler are in an aqueous environment so that the particles can be delivered to the sensing devices. In practice, microbubbles can benefit from their hollow structure, so that various liquids can be passed inside the device while the optical readout occurs outside (by taper coupling, for example) without being influenced by the liquid. For a simple estimation of this effect, suppose a nanoparticle with a radius, r 0 , is attached to the inner surface of the shell and the core is filled with water (see inset of Fig. 9(a) ). The nanoparticle possesses a refractive index difference to water, ∆ǫ(r 0 ) in permittivity.
This small perturbation by the particle can cause a frequency shift, δω, as follows:
On calculation, the frequency shift of the fundamental TE mode is calculated assuming that ∆ǫ is a very small perturbation (∆ǫ = 0.005) in the above Eq. 6. The sensitivity is then plotted (Fig.   9(a) ).
Since the nanoparticle changes the refractive index in the evanescent field that penetrates into the liquid core, for thinner shells the sensitivity is much higher. Subwavelength thickness is required for particle sensing. Otherwise the sensitivity goes to zero. The resolution determined from Eq.
2 and the Q-factor data presented in Fig. 8(b) is plotted in Fig. 9(b) . Resolution worsens exponentially when the shell thickness increases for a 50 µm microbubble. This is quite similar to the refractive index sensing situation, but with even more sensitive dependency on thickness. It can be understood by considering the concepts discussed in Section 3. From Eq. 6, the nanoparticle is sensed by the value of |E(r)| 2 , which means that a high sensitivity is achieved when the radial maximum covers the position of the nanoparticle. As discussed in Section 3 and shown in Fig. 5 , if the microbubble is in the quasi-droplet regime, the maximum is shifted from inside the shell to the inner boundary of the microbubble near the position of the nanoparticle. If the relative position of the maximum to the nanoparticle changes, it leads to an exponential increase in |E((r))| 2 . This is the origin of exponentially improved resolution. Sensing nanoparticles with second order modes is also shown in Fig. 9 . The simulation shows that there is an increase in sensitivity when the shell thickness is around 1.5 µm and a minimum in relative resolution at 1 µm. This corresponds to the multi maxima in the core discussed in Section 3. It is also obvious that, for microbubbles with the same shell thickness, both the sensitivity and resolution of the q = 2 mode are better than for the q = 1 mode. Within the simulation range from 500 nm to 1.5 µm, the microbubble is in the quasidroplet regime for the q = 2 mode while out of this regime for the q = 1 mode, thereby proving that the quasi-droplet regime is quite important for high sensitivity particle sensing. Microbubbles in the quasi-droplet regime have other advantages. For example, for higher order modes in the quasi-droplet regime, more mode maxima lie in the core, implying a deeper penetration of the mode into the liquid. Even if one requires a method for sensing particles that are not attached to the inner surface, high sensitivity is still achievable if it is done using the appropriate higher order mode and a carefully designed shell thickness. This is of more practical significance in biochemical sensing applications.
Here, the absolute frequency shift due to the presence of a single particle was not discussed since the specific material and geometrical properties of the nanoparticle were not assigned in our simulations. However, the calculation method used herein is universal and, therefore, it should be capable of simulating such a case. A complicated modification to introduce arbitrary nanoparticles near the surface of a toroidal cavity to break the axial symmetry has been reported 37 . With some modifications, this method should also be suitable for microbubbles. for a 50 µm microbubble for sensing the 500 nm nanoparticle. The axis of resolution is plotted on a log scale, which implies that the resolution improves nearly exponentially for a thinner shell for the first order fundamental mode (black squares). Here, the first order mode is plotted as black squares while the red circles represent the second order mode. Lines joining the data points are simply guides for the eye.
